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Abstract
Cyclic mobility is exhibited by saturated medium to dense cohesionless soils during liquefaction, due to soil skeleton dilation at large shear strain excursions. This volume-shear coupling mechanism results in phases of signiﬁcant regain in soil shear stiﬀness and strength, and
limits the magnitude of cyclic shear deformations. Motivated by experimental observations, a
plasticity model is developed for capturing the characteristics of cyclic mobility. This model
extends an existing multi-surface plasticity formulation with newly developed ﬂow and hardening rules. The new ﬂow rule allows for reproducing cyclic shear strain accumulation, and
the subsequent dilative phases observed in liqueﬁed soil response. The new hardening rule
enhances numerical robustness and eﬃciency. A model calibration procedure is outlined,
based on monotonic and cyclic laboratory sample test data. # 2002 Elsevier Science Ltd. All
rights reserved.
Keywords: Liquefaction; Cyclic mobility; Multi-surface plasticity; Soil mechanics; Constitutive modeling;
Earthquake; Dilation; Granular material; Constitutive behaviour; Anisotropy; Kinematic hardening

1. Introduction
Liquefaction of soils (excess pore pressure ratio ru=ue /v0 approaching and
reaching 1.0, where ue=excess pore pressure and v0 is eﬀective vertical stress) and
associated deformations remain among the main causes of damage during earth* Corresponding author. Tel.: +1-858-822-1075; fax: +1-858-822-2260.
E-mail address: elgamal@ucsd.edu (A. Elgamal).
0749-6419/03/$ - see front matter # 2002 Elsevier Science Ltd. All rights reserved.
PII: S0749-6419(02)00010-4
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quakes (Seed et al., 1990; Bardet et al., 1995; Sitar, 1995; Japanese Geotechnical
Society, 1996; Ansal et al., 1999; see also http://peer.berkeley.edu/turkey/adapazari).
Indeed, dramatic unbounded deformations (ﬂow failure) due to liquefaction in dams
and other structures (Seed et al., 1975, 1989; Davis and Bardet, 1996) have highlighted the signiﬁcance of this problem in earthquake engineering research. However, liquefaction more frequently results in limited, albeit possibly high levels of
deformation (Casagrande, 1975; Youd et al., 1999). For instance (Hatanaka et al.,
1997), the response of high quality (relatively undisturbed) samples of Masado soil is
seen (Fig. 1) to demonstrate this mechanism (this soil developed major liquefactioninduced deformations during the 1995 Kobe, Japan earthquake). In such situations,
the deformation process is mainly a consequence of limited-strain cyclic deformations (Seed, 1979), commonly known as cyclic mobility (Castro and Poulos, 1977) or
cyclic liquefaction (Casagrande, 1975).
A large number of computational models have been, and continue to be developed
for simulation of nonlinear soil response, and the dilatancy (shear-volume coupling)
eﬀects (e.g., DiMaggio and Sandler, 1971; Finn et al., 1977; Nemat-Nasser and
Shokooh, 1979; Prevost, 1985, 1989; Dafalias, 1986; Pastor and Zienkiewicz, 1986;
Anandarajah, 1993; Bardet et al., 1993; Muraleetharan et al., 1994; Byrne and
McIntyre, 1994; Oka et al., 1995, 2002; Manzari and Dafalias, 1997, Cubrinovski
and Ishihara, 1998; Borja et al., 1999a,b; Jeremic et al., 1999; Peric and Ayari, 2000,
2002; Li and Dafalias, 2000; Vaunat et al., 2000; Arduino et al., 2001; Nemat-Nasser
and Zhang, 2002; Voyiadjis and Kim, 2002). Currently, reliable computational
modeling of cyclic-mobility shear deformations still remains a major challenge. The
research presented in this paper aims to develop a computational model for analysis
of cyclic mobility scenarios. In this regard, emphasis is placed on more accurate
reproduction of accumulated shear deformations in clean medium-dense cohesionless soils. Such accuracy is of utmost practical signiﬁcance in structural/foundation
stability and damage assessments. The developed constitutive model can be used
within general fully coupled (solid–ﬂuid) ﬁnite element formulations.

2. Cyclic mobility mechanism
In general, during a shear loading process near liquefaction (low conﬁnement
levels), a saturated undrained cohesionless soil exhibits the following pattern of
behavior (Lambe and Whitman, 1969; Ishihara, 1985):
1. At low shear strains, the soil skeleton experiences a tendency for contraction
(phase 0–1 in Fig. 2), leading to development of excess pore-pressure and
reduction in eﬀective conﬁnement.
2. As the shear stress approaches the failure envelope, or more precisely the socalled Phase Transformation (PT) envelope (Ishihara, 1985; Iai, 1991; Vaid
and Thomas, 1995; Vaid and Sivathayalan, 1999), signiﬁcant shear strain
may develop without appreciable change in shear stress (essentially, the perfectly plastic phase 1–2 in Fig. 2). Numerical versatility is achieved by deﬁning
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Fig. 1. Stress–strain relationship and stress path for undrained cyclic triaxial test on reclaimed gravely ﬁll
Masado soil (Hatanaka et al., 1997), which developed major liquefaction-induced deformations during
the 1995 Kobe, Japan earthquake.
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Fig. 2. Schematic of constitutive model response showing shear stress, eﬀective conﬁnement, and shear
strain relationship.

this highly yielded segment of p
stress-strain
response as a distinct phase (y
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
as shown in Fig. 2, where  ¼ 2=3e:e refers to octahedral shear strain, and
e=deviatoric strain tensor). This feature allows for direct control over the
extent of shear strain accumulation.
3. Thereafter (above the PT envelope), a dilative tendency (phase 2–3 in Fig. 2)
increases eﬀective conﬁnement (and consequently shear stiﬀness and
strength), allowing the soil to resist increased levels of shear stress (by moving
along the failure envelope).
For the purpose of liquefaction-induced shear deformations, medium-dense clean
granular soils are found to exhibit the above-described response. A survey of
experimental research (triaxial and shear tests) compiled by Seed (1979) suggested
that such clean sands, with a relative density Dr of about 45% or more, appeared to
exhibit the mechanism of limited strain cyclic mobility during liquefaction. More
recent laboratory experiments (e.g., Ishihara, 1985; Arulmoli et al., 1992; Boulanger
and Seed, 1995; Sture, 1999), shake-table, and centrifuge tests (Dobry et al., 1995;
Dobry and Abdoun, 1998; Balakrishnan and Kutter, 1999) continue to corroborate
the ﬁndings of earlier studies (in clean sands and non-plastic silts). In such experimental observations, uniform cohesionless soils with a reported Dr of as low as 37%,
may accumulate large liquefaction-induced cyclic shear strains, but do not exhibit
ﬂow-type failures (see Elgamal et al., 1998 for an extensive literature survey).
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3. Constitutive model
Accurate accounting of the above-mentioned response characteristics is the main
objective of the current study. Our plasticity model (Parra, 1996; Yang, 2000) is
based on the original framework of Prevost (1985), in which a multi-surface
approach is adopted for cyclic hysteretic response (Iwan, 1967; Mroz, 1967). In this
model, the contractive, perfectly plastic, and dilative phases of Fig. 2 were incorporated by developing a new appropriate ﬂow rule. The incorporated new ﬂow rule
signiﬁcantly changes the characteristics of model response, in order to reproduce the
salient cyclic mobility mechanisms (Figs. 1 and 2), and exercise more direct control
over shear strain accumulation (in accordance with experimental observations). In
addition, a new hardening rule was developed for more robust and eﬃcient numerical performance.
In the following sections, after a brief description of the yield surface conﬁguration, focus will be placed on the new developments. According to the sign convention commonly used in soil mechanics, volumetric stresses and strains are positive in
compression.
3.1. Yield function
The yield function f (Fig. 3) is selected of the following form (Prevost, 1985):
f¼


  

 

2
3
s  p0 þ p00
: s  p0 þ p00
 M 2 p0 þ p00 ¼ 0
2

ð1Þ

in the domain of p0 5 0, where s ¼ 0  p0  is the deviatoric stress tensor
(0 =eﬀective Cauchy stress tensor, =second-order identity tensor), p0 is mean
eﬀective stress, p00 is a small positive constant (2.0 kPa in this paper) such that the
yield surface size remains ﬁnite at p0 ¼ 0 (for numerical convenience and to avoid

Fig. 3. Conical yield surface in principal stress space and deviatoric plane (after Prevost, 1985; Parra,
1996; Yang, 2000).

888

A. Elgamal et al. / International Journal of Plasticity 19 (2003) 883–905

ambiguity in deﬁning the yield surface normal at the yield surface apex, Fig. 3), is
second-order kinematic deviatoric tensor deﬁning the yield surface coordinates, M
dictates the yield surface size (deﬁned by friction angle for the outmost surface), and
‘‘:’’ denotes doubly contracted scalar product of two tensors. In the context of multisurface plasticity, a number of similar yield surfaces with a common apex and different sizes form the hardening zone (Fig. 3). Each surface is associated with a constant plastic modulus. The outmost surface is designated as the failure surface. As
usually postulated (Prevost, 1985), the low-strain (elastic) moduli and plastic yield
surface moduli increase in proportion to the square root of eﬀective conﬁnement.
It is realized that the employed yield surface is open in the positive direction of
hydrostatic axis (Fig. 3). One may introduce a cap yield function (e.g., DiMaggio
and Sandler, 1971; Lacy, 1986; Wang et al., 1990) to close the open end. As indicated by Manzari and Dafalias (1997), under normal conﬁning pressures of interest
in geotechnical engineering, a stress path along the positive branch of the hydrostatic axis induces relatively small strains. Thus, for shear-dominated load paths
(such as earthquake excitation), many researchers have opted to maintain a level of
simplicity, and do without a cap function (e.g., Prevost, 1985; Manzari and Dafalias,
1997; Li and Dafalias, 2000). In general, cyclic loading data for calibration of captype yield functions is scarce, and signiﬁcant research is needed within the multisurface context (Lacy, 1986).
3.2. Flow rule
Within the theory of plasticity framework, the phenomenological interaction
between shear and volume change (contraction or dilation) is typically handled by
specifying an appropriate non-associative ﬂow rule (e.g., Prevost, 1985; Dafalias,
1986; Bousshine et al., 2001; Nemat-Nasser and Zhang, 2002; Radi et al., 2002). In
the current model, the deviatoric component of the ﬂow rule is associative, and
nonassociativity is restricted to the volumetric component only (similar to earlier
formulations).
Denoting P as the direction of plastic ﬂow, its volumetric component P00 deﬁnes
the desired level of dilation or contraction in accordance with experimental observation. Consequently, P00 is deﬁned by (Prevost, 1985; Parra, 1996):
3P00 ¼

1  ð= Þ2


ð2Þ
1 þ ð= Þ2
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 

where  ¼ ð3=2Þs : s= p0 þ p00 is eﬀective stress ratio,  a material parameter
deﬁning the stress ratio of the PT surface (see Section 2), and  a newly introduced
scalar-valued function (Parra, 1996; Yang, 2000) for controlling the magnitudes of
dilation and contraction, as described below (a scalar material parameter was used
in Popescu and Prevost (1993) in place of the function ). Note that if (1  ð= Þ2 ) is
positive, the stress state lies within the PT surface, and if negative, the stress state lies
above the PT surface. In addition, loading corresponds to an increasing , and
unloading corresponds to a decreasing .
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3.2.1. Within phase transformation surface (phase 0-1, Fig. 2)
Within the PT surface, contraction always takes place irrespective of loading/
unloading condition. The contraction scaling function in Eq. (2) is chosen to be
(Parra, 1996):
C ¼ c1 expðc2 p0 =Pa Þ

ð3Þ

where c1 and c2 are two material constants dictating the rate of contraction (or
equivalently, the rate of excess pore-pressure buildup under undrained condition),
and Pa is atmospheric pressure (101 kPa, used as a normalization constant). The
parameter c1 depends on the particular soil type and relative density (larger c1 values
correspond to stronger contraction), and c2 allows for a form of conﬁnement
dependence if deemed necessary.
3.2.2. On phase transformation surface (phase 1–2, Fig. 2)
The point at which the stress path intersects the PT surface is denoted as point D
(Fig. 2) and the eﬀective conﬁnement p0D is stored as a temporary material memory
parameter (Parra, 1996). At low conﬁnement levels near liquefaction, a constantvolume perfectly plastic phase is activated and the stress state remains at D, until a
user-deﬁned octahedral shear strain increment y is accumulated (Fig. 2). As shown
in Fig. 4, the introduction of y oﬀers signiﬁcant versatility in controlling the magnitude of near- and post-liquefaction yielding response (this yield phase is only signiﬁcant at low conﬁnement of 10 kPa or less based on existing data). For the
important situation of accumulation of shear strains in a preferred (down-slope)
direction (e.g., mildly inclined strata or inﬁnite slope, below and around embankments or foundations, and other lateral spreading situations), y conveniently allows
down-slope deformations to accumulate in a controlled fashion during each
additional loading cycle (phase 7–8 in Fig. 2). This feature is of utmost practical
importance.

Fig. 4. Yield phase performance as a function of the yield parameter y .
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Speciﬁcally, the parameter y is deﬁned by:
y ¼ y1 þ y2 T

ð4Þ

where Ð T is total octahedral plastic strain accumulated during liquefaction
t
(T ¼ 0  p dt where t is time), and y1 and y2 are user-deﬁned material constants
(Fig. 4). A larger y1 is typically needed for a looser soil. In addition, y2 can be used
to extend the yielding phase y from one cycle to the next (a cumulative damage-type
eﬀect, e.g., Chiarelli and Shao, 2002).
3.2.3. Above phase transformation surface, loading (phase 2-3, Fig. 2)
Upon the accumulation of y , a sharp dilation tendency is activated (compared to
earlier formulations, Prevost, 1985; Popescu and Prevost, 1993). The dilation scaling
function in Eq. (2) is deﬁned by (Parra, 1996):
C ¼ d1 expðd2 d Þ

ð5Þ

where d1 and d2 are material constants, and d is cumulative octahedral plastic strain
during the current dilative phase. Larger d1 and d2 values result in increasingly
stronger dilation, eventually limited by the conical yield surface gradient (associated
ﬂow). Eq. (5) allows the dilation tendency to increase progressively, and signiﬁcantly
reduces further straining (Fig. 5). The increase in shear stress and eﬀective conﬁnement due to dilation may be limited by (Casagrande, 1975): (a) reaching the critical
void-ratio (or constant-volume) state at large shear strain (Li and Dafalias, 2000), or
(b) ﬂuid cavitation (i.e., pore water pressure reduced to 1 atmospheric pressure).
3.2.4. Above phase transformation surface, unloading (phase 3-4, Fig. 2)
A diﬀerent deﬁnition of P00 is needed (Parra, 1996) to allow for a swift return to
the conﬁnement level p0D upon unloading (phase 3-4, Fig. 2). For that purpose, the
following relationship resulted in satisfactory performance:

Fig. 5. Dilation function performance for a given y and diﬀerent user-deﬁned rates of dilation.
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pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3=2P0 : P0 p0D
¼ 0 f
P00
pR
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ð6Þ

in which P0 is deviatoric component of the tensor P, f is stress ratio along the
failure surface, and p0R is eﬀective conﬁnement at the load reversal point R (Fig. 2).
This rule relates the rate of contraction to the extent of accumulated conﬁnement
(distance between p0R and p0D , Fig. 2). Representative performance of unloading
behavior is shown in Fig. 6. Once conﬁnement decreases to the level of point D,
p0D is no longer a memory parameter, and the contraction logic within the PT
surface takes over. Dependence of contraction on earlier dilation conforms with
experimental observations (Nemat-Nasser and Tobita, 1982), as also represented
in the models of Dafalias and Manzari (1999) and Nemat-Nasser and Zhang
(2002).
It is noted that the above newly developed non-associative rules obey the
requirement of positive plastic dissipation (Lubliner, 1990; Brannon, 2002). In
addition, the Kuhn–Tucker conditions are satisﬁed (Lubliner, 1990).

Fig. 6. Unloading function performance at diﬀerent levels of dilation (dilation-induced shear strength and
eﬀective conﬁnement return to the pre-dilation levels).
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3.3. Hardening rule
A purely deviatoric kinematic hardening rule is employed (Prevost, 1985), to
conveniently generate hysteretic cyclic response. In the context of multi-surface
plasticity, translation of the yield surface is generally governed by the consideration
that no overlapping is allowed between yield surfaces (Mroz, 1967). Thus, contact
between consecutive similar surfaces fm and fmþ1 (Fig. 7) must occur only at conjugate points with the same direction of outward normal. In this regard, Mroz
(1967) proposed using the current (deviatoric) stress state s on the active surface fm
(Fig. 7) and its conjugate point R on the next outer surface fmþ1 , to deﬁne the
translation direction  as follows (Fig. 7):


 



Mmþ1 
¼
s  p0 þ p00 m  s  p0 þ p00 mþ1
ð7Þ
Mm




where p0 þ p00 m and p0 þ p00 mþ1 are the centers of fm and fmþ1 respectively in
the deviatoric plane. The trajectory of translation is shown as the shadowed zone in
Fig. 7. With the direction of translation deﬁned, the amount
: of translation d may
then be obtained by satisfying the consistency condition f ¼ 0 (Mroz, 1967). After
updating the active surface fm , all inner surfaces are translated to be tangential at the
updated stress state (s+ds) on fm . The translation rule of Eq. (7) was subsequently
adopted by Dafalias and Popov (1975) in two-surface models, and by Prevost
(1978a,b, 1985) in multi-surface model formulations.

Fig. 7. Mroz (1967) deviatoric hardening rule.
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In our numerical implementation experience, Mroz’s rule [Eq. (7)] was found to
demand a high level of computational eﬀort under certain loading conditions. This
was particularly evident at low conﬁnement levels where yield surfaces are of
increasingly small size in the deviatoric plane. In such cases, even with relatively
small stress increments, the updated stress state (s+ds) may still lie outside the trajectory of inner surface translation (Fig. 7), and the consistency condition cannot be
satisﬁed. Use of smaller load increments to remedy this problem was found to be
prohibitively expensive (e.g., in Boundary Value Problem Finite Element computations), and sometimes practically impossible.
In view of the above, a new translation rule  (Fig. 8) was deﬁned (Parra, 1996):



 ¼ sT  p0 þ p00


m





Mm 
sT  p0 þ p00
Mmþ1


mþ1

ð8Þ

where sT is the deviatoric stress tensor deﬁning the position of point T (Fig.
 8) asthe
intersection of fmþ1 with the vector connecting the inner surface center p0 þ p00 m
and the updated stress state (s+ds). This rule [Eq. (8)] is also based on the Mroz
(1967) conjugate-points concept, and allows no overlapping of yield surfaces. Use of
point T to deﬁne conjugate points eliminated the numerical challenges mentioned
above, as the updated stress state is now always within the inner surface translation
trajectory.

Fig. 8. New deviatoric hardening rule (after Parra, 1996).
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Table 1
Major model parameters derived from calibration phase
Model parameter

Nevada No. 120 Sand at Dr =40%

Reference shear modulus (at p=80 kPa)
Reference bulk modulus (at p=80 kPa)
Friction angle
Phase transformation angle
Contraction parameter c1
Contraction parameter c2
Dilation parameter d1
Dilation parameter d2
Perfectly plastic strain parameter y1
Perfectly plastic strain parameter y2

3.3104 kPa
2.2104 kPa
31.4
26.5
0.18
1.0
0.5
100.0
1.0%
0.0

The concept of using the updated stress state to deﬁne a surface translation trajectory was employed earlier by Dafalias and Popov (1977), for an inner surface of
vanishing size (vanishing elastic region in a bounding surface formulation). Finally, it
is worth mentioning that the new translation rule also applies in stress subspaces where
one or more stress components may be absent (proof follows that of Mroz, 1967).
3.3.1. Remarks
1. An explicit elastic predictor-return mapping approach is used for numerical
integration of the constitutive equations (in which the deviatoric component
obeys radial return), with an automatic strain sub-incrementation algorithm
to improve accuracy (Parra, 1996).
2. The Lode angle eﬀect (Hill, 1950; Lade, 1977) is not incorporated in the
current model since the yield function [Eq. (1)] does not include the third

Fig. 9. Computed and laboratory (Arulmoli et al., 1992) stress–strain curves for an isotropically consolidated, drained monotonic triaxial loading test (Dr =40%, VELACS Test No. 40–100).
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stress invariant. Load paths that depend signiﬁcantly on this eﬀect (e.g., circular loading, Peric and Ayari, 2000, 2002) will not be reproduced satisfactorily. Eﬀort is currently directed towards inclusion of the third stress
invariant in the yield function.

4. Model calibration and performance
4.1. Model calibration
The constitutive model was calibrated (pilot eﬀort by Parra, 1996) by monotonic
and cyclic laboratory sample test data in which Nevada No. 120 ﬁne sand (Dr of

Fig. 10. Computed and laboratory (Arulmoli et al., 1992) results of an isotropically consolidated,
undrained monotonic triaxial loading test (Dr =40%, VELACS Test No. 40–04).
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about 40%) was employed (Arulmoli et al., 1992). In addition, a series of onedimensional lateral spreading centrifuge experimental results (Dobry et al., 1995) is
being employed for calibration. The goal was to obtain an overall reasonable match
of all consistent experimental characteristics. Due to space limitation, only the
laboratory-tests calibration results are presented below. Table 1 illustrates the model
parameters as calibrated by these experimental data sets.
Fig. 9 shows the experimental and computed results of a monotonic drained
triaxial laboratory test (Arulmoli et al., 1992) conducted at a mean eﬀective conﬁning pressure of 80 kPap(held
constant throughout). In Fig. 9,  and  are octahedral
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
shear quantities ( ¼ 1=3s : s). Data from this type of experiment mainly serves as
a basis for deﬁning the low-strain (linear) soil shear stiﬀness, as well as the maximum
shear strength (or friction angle) evaluated at the corresponding eﬀective conﬁning
pressure.

Fig. 11. Computed and laboratory (Arulmoli et al., 1992) results of an anisotropically consolidated,
undrained cyclic triaxial loading test (Dr =40%, VELACS Test No. 40–58).
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Fig. 11. (continued)

The experimental and computed results of a monotonic undrained triaxial test (Arulmoli et al., 1992) at an initial eﬀective mean conﬁnement of 80 kPa are shown in Fig. 10.
Results of this type of experiment serve to deﬁne the model parameters c1, c2 [Eq. (3)],
and d1 and d2 [Eq. (5)], that control contraction and dilation response, respectively.
Fig. 11 shows the experimental and computed results of an anisotropically consolidated, stress-controlled undrained cyclic triaxial test (initial vertical and horizontal normal stresses of v =173 kPa and h =152 kPa, Arulmoli et al., 1992).
During cyclic loading, the sample gradually lost its eﬀective conﬁnement (Fig. 11f).
Accordingly, excess pore pressure increased and eventually reached liquefaction
(Fig. 11c). Due to the presence of the static stress bias (v (  h ), axial strain is seen
to accumulate after liquefaction on a cycle-by-cycle basis (Fig. 11a), followed by a
strong dilation tendency and associated regain in shear stiﬀness (Fig. 11d). The
dilation phases resulted in instants of pore pressure drop (Fig. 11c).
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It is noted that modeling the cyclic response pattern of Fig. 11d is among the primary goals of this constitutive modeling eﬀort. In this calibration phase, load cycles
were matched individually (Fig. 12). Results of this type of liquefaction experiment
serve to deﬁne the model parameters y1 and y2 [Eq. (4)] that control the accumulation of liquefaction-induced cyclic yield strain (and also verify c1, c2, and d1, d2).
4.2. Model performance
Representative simulation results using the developed model are shown in Figs. 13
and 14. Model response in a strain-controlled undrained cyclic shear loading simulation
shows that (Fig. 13): (i) the cyclic shearing process leads to a gradual buildup of pore
pressure (Fig. 13c) with a corresponding decrease in eﬀective conﬁnement (Fig. 13f),
and (ii) as excess pore pressure increases, soil gradually loses all shear stiﬀness and
strength (Fig. 13e), and is unable to resist any appreciable shear loading (Fig. 13b,e).

Fig. 12. Cycle-by-cycle matching between computed and measured post-liquefaction shear strain response
of VELACS Test No. 40–58 (Dr =40%).
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Fig. 14 depicts an undrained model response under symmetric stress-controlled
cyclic shear loading. Again, pore pressure increases (Fig. 14c), and the reduction in
overall shear stiﬀness and strength is clearly seen (Fig. 14e). As the soil liqueﬁes, the
amplitude of cyclic plastic deformation increases steadily in each loading cycle
[Fig. 14a, dictated by the parameter y2 in Eq. (4)], followed thereafter by a strong
dilative response (Fig. 14e, f).
Finally, Fig. 15 depicts undrained model response under stress-controlled cyclic
shear loading with a static shear stress bias, representative of an inclined soil slope
(similar to Fig. 11). In this case, the computational model reproduces cycle-by-cycle
accumulation of permanent deformation towards the down-slope direction.

Fig. 13. Model simulation of strain-controlled, undrained cyclic shear loading (Parra, 1996).
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Fig. 14. Model simulation of stress-controlled, undrained cyclic shear loading (Parra, 1996).

5. Summary and conclusions
A constitutive model was developed for simulating the characteristics of cyclic
mobility observed in saturated, medium to dense cohesionless soil response. Within
a multi-surface plasticity framework, the new model incorporates shear-induced
contractive, perfectly plastic, and dilative response phases implemented through an
appropriate non-associative ﬂow rule. The newly developed ﬂow rule was motivated
by experimental observations, and was deﬁned to capture the involved phenomena.
Emphasis was placed on accurately reproducing the development and accumulation
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Fig. 15. Model simulation of stress-controlled, undrained cyclic shear loading with a static shear stress
bias (Parra, 1996).

of shear deformations. A new hardening rule was also introduced to enhance
numerical robustness and to increase eﬃciency. A model calibration procedure was
outlined, based on monotonic and cyclic laboratory sample test data. Selected
representative simulation results were presented to illustrate the salient model
response characteristics. Further research work is needed primarily for more accurate modeling of plastic volumetric strains, and for including the Lode angle eﬀect.
Other reﬁnements may be introduced, as new data sets become available.
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