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Abstract
Under seismic excitation, lique®ed clean medium to dense cohesionless soils may regain a high level of shear resistance at large shear
strain excursions. This pattern of response, known as a form of cyclic mobility, has been documented by a large body of laboratory sample
tests and centrifuge experiments. A plasticity-based constitutive model is developed with emphasis on simulating the cyclic mobility
response mechanism and associated pattern of shear strain accumulation. This constitutive model is incorporated into a two-phase
(solid±¯uid), fully coupled ®nite element code. Calibration of the constitutive model is described, based on a unique set of laboratory
triaxial tests (monotonic and cyclic) and dynamic centrifuge experiments. In this experimental series, Nevada sand at a relative density of
about 40% is employed. The calibration effort focused on reproducing the salient characteristics of dynamic site response as dictated by the
cyclic mobility mechanism. Finally, using the calibrated model, a numerical simulation is conducted to highlight the effect of excitation
frequency content on post-liquefaction ground deformations. q 2002 Published by Elsevier Science Ltd.
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1. Introduction
Liquefaction and associated shear deformations continue
to cause extensive damage during strong earthquakes [1±
11] (see also http://peer.berkeley.edu/turkey/adapazari). In
clean medium to dense sands, the mechanism of liquefactioninduced shear deformation may be illustrated by the
response depicted in Fig. 1 [12]. The simple shear test of
Fig. 1 shows: (i) a cycle-by-cycle degradation in shear
strength as manifested by the occurrence of increasingly
larger shear strain excursions for the same level of applied
shear stress, and (ii) a regain in shear stiffness and strength
at these large shear strain excursions, along with an increase
in effective con®nement (shear-induced dilative tendency).
This type of response has been described as a form of cyclic
mobility in a large number of pioneering liquefaction
studies [13±17]. Casagrande [15] indicates that when
subjected to cyclic loading, sands with relative densities
Dr of about 40% or above may develop cyclic mobility
with strains of objectionable amplitude (Fig. 1), but rarely
undergo actual liquefaction (i.e. ¯ow-failure or unbounded
shear deformation). Indeed, the response mechanism shown
* Corresponding author. Fax: 11-858-822-2260.
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0267-7261/02/$ - see front matter q 2002 Published by Elsevier Science Ltd.
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in Fig. 1 is representative of a large number of undrained
laboratory experiments on medium±dense Nevada sand
with Dr of about 40% and above [12].
For the important situations of lateral spreading or biased
strain accumulation due to a superposed static shear stress
(e.g. embankment slopes, below foundations, behind retaining walls, etc.), cyclic mobility may continue to play a
dominant role [18±20]. This is clearly seen from the results
of a triaxial test (Fig. 2, [12]), where a superposed driving
shear stress causes the strain to occur in a biased (downslope) direction, on a cycle-by-cycle basis. Inspection of
Fig. 2 shows that a net ®nite increment of permanent
shear strain occurs in each cycle. Realistic estimation of
the magnitude of such increments is among the most important considerations in assessments of liquefaction-induced
hazards.
The above mentioned effects (Figs. 1 and 2) are thoroughly documented by a large body of experimental
research worldwide (employing clean sands and clean
nonplastic silts) including centrifuge experiments, shaketable tests, and cyclic laboratory sample tests [21]. In the
project VELACS [22,23] (see also http://geoinfo.usc.edu/
gees/velacs), extensive data sets were generated consistently revealing the cyclic mobility response characteristics.
This data included results from a large number of laboratory
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Fig. 3. Conical yield surface in principal stress space and deviatoric plane
[30,24].

Fig. 1. Stress±strain and stress path response for Nevada sand Dr  60%
in a stress-controlled, undrained cyclic simple shear test [12].

tests and dynamic centrifuge experiments, in which Nevada
no. 120 sand was employed.
In light of the documented signi®cance of cyclic mobility,
a plasticity-based constitutive model was developed to
reproduce the associated salient response characteristics
[24±26]. This model was also incorporated into a solid±
¯uid fully coupled ®nite element (FE) code [25,26].
Model calibration was based on a selected set of the
VELACS data (for Nevada sand at about 40% Dr ), including
(i) a series of monotonic and cyclic laboratory tests, and (ii)
level-ground and in®nite-slope centrifuge model simulations conducted at Rensselaer Polytechnic Institute (RPI)

[18,27]. Our calibration effort attempted to obtain a satisfactory overall match of the entire employed data set.
In this paper, salient features of the constitutive model
and the FE formulation are presented. Thereafter, the
numerical calibration procedures and results are described
and discussed. In addition, the calibrated FE code is
employed to highlight the in¯uence of input excitation
frequency content on potential post-liquefaction shear
deformations.
2. Constitutive model
A number of constitutive models have been developed to
simulate cyclic-mobility and/or ¯ow-liquefaction soil
response [28±48]. Currently, reliable computational modeling of the cyclic-mobility effects on lateral spreading (Fig. 2)
still remains a major challenge. Such situations necessitate a
high degree of control over the accumulated cycle-by-cycle
shear deformations. The developed constitutive model [24±
26] is based on the framework of multi-surface plasticity
[30,49,50], in which the salient cyclic-mobility response
characteristics of Figs. 1 and 2 are reproduced by specifying
a new appropriate ¯ow rule. The main components of this
model are summarized later (see Refs. [24±26] for more
details).
2.1. Yield function
Following the classical plasticity convention [51], it is
assumed that material elasticity is linear and isotropic, and
that nonlinearity and anisotropy result from plasticity. The
selected yield function [30] forms a conical surface in stress
space with its apex along the hydrostatic axis (Fig. 3). In the
context of multi-surface plasticity [30,49,50], a number of
similar yield surfaces with a common apex and different
sizes form the hardening zone (Fig. 3). The outmost surface
is the envelope of peak shear strength (failure envelope).

Fig. 2. Stress±strain and excess-pore-pressure histories during an
undrained, anisotropically consolidated cyclic triaxial test of Nevada
sand at Dr  40% [12]. (s 0v and s 0h are vertical and horizontal effective
stresses, respectively.)

2.2. Hardening rule
A purely deviatoric kinematic hardening rule [25,26] is
employed in order to generate hysteretic response under
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4. The liquefaction-induced perfectly plastic phase during
shear loading (Fig. 4, phase 1±2), before the initiation of
dilation (Fig. 4, phase 2±3). This phase is signi®cant only at
very low con®nement (e.g. below 10 kPa for Nevada sand),
where considerable permanent shear strain (gy ) may accumulate with minimal change in shear stress.
In summary, the main modeling parameters include
(Table 1) standard dynamic soil properties such as low-strain
shear modulus and friction angle, as well as calibration
constants to control the dilatancy effects (PT angle, contraction and dilation parameters), and the level of liquefactioninduced yield strain (gy ). Calibration procedures for these
parameters are described later.
Fig. 4. Schematic of constitutive model response showing con®nementdependent yield surface for granular soils, shear stress±shear strain relationship, and shear stress±effective con®nement relationship for undrained
loading [24].

arbitrary cyclic shear loading. This rule was modi®ed from
the original Mroz rule [50], for improved numerical robustness. Kinematic hardening dictates that yield surfaces translate in stress space within the failure envelope [51].
2.3. Flow rule
In granular materials, shear loading induces a coupled volumetric response (contraction or dilation). The boundary
between contraction and dilation is commonly de®ned by
the phase transformation (PT) surface [52±55] in the deviatoric stress t ±effective con®nement p 0 space (Fig. 4). As
shear stress increases, soil volumetric response changes from
contraction (below the PT surface) to dilation (above the PT
surface). Under undrained conditions, the adopted ¯ow rule
de®nes the following phases of soil response [24±26]:
1. The contractive phase within the PT surface (Fig. 4, phase
0±1).
2. The dilative phase during shear loading, with the stress state
outside the PT surface (Fig. 4, phase 2±3).
3. The contractive phase during shear unloading (Fig. 4, phase
3±4), until the effective con®nement returns to p 0D :

3. Finite element formulation
In order to study the dynamic response of saturated soil
systems as an initial-boundary-value problem, a twodimensiona plane-strain FE code was developed [25,26].
In this code, saturated soil is modeled as a two-phase material based on the Biot [56] theory for porous media. A
simpli®ed numerical framework of this theory, known as
u±p formulation (in which displacement of the soil skeleton
u, and pore pressure p, are the primary unknowns [57,58]),
was implemented [25,26,59].
The u±p formulation is de®ned by [57] (i) the equation of
motion for the solid±¯uid mixture, and (ii) the equation of
mass conservation for the ¯uid phase, incorporating equation
of motion for the ¯uid phase and Darcy's law. These two
governing equations may be expressed in the following FE
matrix form [57]:
Z
 1
MU
B T s 0 dV 1 Qp 2 f s  0
1a
V

_ 1 Sp_ 1 Hp 2 f p  0
QT U

1b

where M is the mass matrix, U the displacement vector, B the
strain±displacement matrix, s 0 the effective stress vector
(determined by the soil constitutive model discussed earlier),
Q the discrete gradient operator coupling the solid and ¯uid
phases, p the pore pressure vector, H the permeability matrix,

Table 1
Model parameters [26] calibrated for Dr  40% Nevada sand
Main calibration experiment

Parameter

Value

Drained monotonic tests

Low-strain shear modulus Gr (at 80 kPa mean effective con®nement)
Friction angle f

33.3 MPa
31.48

Undrained cyclic test

Liquefaction yield strain gy (Fig. 4, phase 1±2)

1.0%

RPI centrifuge Model 1

Contraction parameter c1
Contraction parameter c2 (Fig. 4, phase 0±1)

0.17
0.05

RPI centrifuge Model 2

Phase transformation angle fPT
Dilation parameter d1
Dilation parameter d2 (Fig. 4, phase 2±3)

26.58
0.4
100.0
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phase is brie¯y described, along with the recorded responses
and calibration results.
4.1. Drained monotonic triaxial test

Fig. 5. Octahedral shear stress±strain curves for Nevada sand at 40% Dr
from isotropically consolidated drained triaxial tests [12,26].

S the compressibility matrix, a superposed T denotes matrix
transpose, and a superposed dot denotes time derivative. The
vectors f s and f p include the effects of body forces and
prescribed boundary conditions for the solid±¯uid mixture
and the ¯uid phase, respectively. In Eq. (1a) (equation of
motion), the ®rst term represents inertia force of the mixture,
followed by internal force due to soil skeleton deformation,
and internal force induced by pore-¯uid pressure. In Eq. (1b)
(mass conservation), the ®rst two terms represent the rate of
volume change for the soil skeleton and the ¯uid phase, respectively, followed by seepage rate of the pore ¯uid.
4. Model calibration
The calibration procedure was carried out for Nevada
sand at about 40% Dr ; with emphasis on reproducing the
observed cycle-by-cycle accumulation of shear deformations (Figs. 1, 2, and 4). This calibration effort attempted
to obtain a satisfactory overall match of the entire employed
data set, including (refer to Table 1):
1. Data of a drained monotonic triaxial test [12] employed
to de®ne the low-strain shear modulus and the friction
angle.
2. The liquefaction-induced yield strain (gy ) calibrated
mainly based on matching the recorded response in an
anisotropically consolidated, undrained cyclic triaxial
test [12].
3. The pore-pressure buildup (contraction) parameters calibrated based on simulation of a dynamic centrifuge test
of liquefying level ground [18,19], and
4. The PT angle and dilation parameters calibrated through
simulations of a dynamic centrifuge test of a mildly
inclined in®nite slope [18,19]. This test also served as
veri®cation for the cyclic shear strain parameter calibrated in step 2 above.
In the following sections, each employed experimental

A monotonic consolidated-isotropically, drained, compression (CIDC) triaxial test was conducted on Nevada
sand at about 42% Dr [12]. In this test, the sample was
®rst isotropically consolidated to p 0  80 kPa: Thereafter,
the vertical pressure was gradually increased, with the
lateral con®ning pressure simultaneously decreased, so
that p 0 remained constant throughout the test. The (octahedral) shear stress±strain response recorded during this
test (Fig. 5) was matched by the constitutive model, using
a least-squares curve-®tting procedure [26]. This matching
exercise de®ned the low-strain shear modulus and the friction angle (Table 1). Finally, it can be seen that (Fig. 5) the
identi®ed properties resulted in a reasonable match of two
additional CIDC experiments conducted at p 0  40 kPa and
160 kPa, respectively [12].
4.2. Undrained cyclic triaxial test
An anisotropically consolidated, undrained cyclic triaxial
test was conducted on Nevada sand at an initial Dr of about
39% [12]. The soil sample was ®rst consolidated to a mean
con®nement p 0  160 kPa; with the vertical principal stress
(s 0v ) greater than the horizontal components (s 0h ) by 20 kPa
(anisotropic con®nement or shear stress bias). Thereafter,
the sample remained undrained, and a stress-controlled
cyclic load was applied vertically.
The test was numerically simulated using the constitutive
model (undrained condition was speci®ed by prescribing a
state of zero volumetric strain such that 1h  21v =2
[25,26]). In this test, the level of deformations was consistent with the centrifuge Model 2 experiment discussed later.
Therefore, the parameter controlling the cycle-by-cycle
accumulation of permanent strain (gy in Table 1) was calibrated by matching the last seven cycles of this triaxial test
(Fig. 6). It may be noted that a sudden large pore pressure
buildup occurred during the ®rst two loading cycles of the
test (Fig. 6). However, a second essentially identical triaxial
test (Test No. 40-50 [12]) did not display similar behavior
(i.e. pore pressure buildup was not consistent between these
two experiments, making this part of the data unreliable).
Thus, pore pressure development was based on the centrifuge data discussed later, which suggested the gradual
buildup mechanism in the numerical response of Fig. 6.
4.3. Centrifuge experiments
In the VELACS project, two centrifuge model tests
(Fig. 7) were conducted by Dobry and Taboada [60] to
simulate the dynamic response of level and mildly sloping sand sites. Results of these two tests were employed
for calibration of model contraction/dilation parameters,
through FE simulations. The employed centrifuge
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to a predominantly 2 Hz harmonic base excitation,
and
2. VELACS Model 2 representing a mildly inclined
in®nite slope with an effective inclination angle of
about 48, subjected to a predominantly 2 Hz harmonic
base excitation.
These tests were performed in a laminated container
[61,62] that allows relative slip between laminates in
order to simulate approximately one-dimensional (1D)
shear response (Fig. 7). Nevada sand was used at Dr
in the range of 40±45%. The soil models were spun to
a 50g gravitational ®eld [27]. At this gravitational ®eld,
the centrifuge models aim to simulate a prototype stratum of 10 m depth and in®nite lateral extent. Water was
used as the pore ¯uid, resulting in a prototype soil
permeability equal to 50 times that of the model soil
[63]. The results of these tests were thoroughly documented in Ref. [27], and further analyzed in Refs.
[27,60,64].
4.4. Numerical modeling procedures

Fig. 6. Recorded and computed results of anisotropically consolidated,
undrained cyclic triaxial test (Nevada sand at 40% Dr ) with static stress
bias [12,26].

models are [27]:
1. VELACS Model 1 representing a level site, subjected

The centrifuge tests were simulated using the abovedescribed FE procedure (Fig. 8). The boundary conditions
were (i) dynamic excitation was de®ned as the recorded
base acceleration, (ii) at any given depth, displacement
degrees of freedom were tied together (both horizontally
and vertically using the penalty method) to reproduce a
1D shear beam effect [25], (iii) the surface was traction
free, with zero prescribed pore pressure, and (iv) the base
and lateral boundaries were impervious.

Fig. 7. General con®gurations of RPI centrifuge Models 1 and 2 in laminar container [27].
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Fig. 8. Finite element discretization and boundary conditions.

A static application of gravity (model own weight) was
performed before seismic excitation. The resulting ¯uid
hydrostatic pressures and soil stress-states along the soil
column served as initial conditions for the subsequent
dynamic analysis.

Fig. 9. Model 1 recorded and computed acceleration time histories.

Fig. 10. Model 1 recorded and computed lateral displacement histories.

4.4.1. Level site: Model 1
Figs. 9±11 display the computed and recorded lateral
accelerations, displacements, and pore-pressures. In
general, good agreement was achieved between the
computed and recorded responses. At the free surface,
accelerations virtually disappeared after about 4 s due to
liquefaction (AH3, Fig. 9). At 2.5 m depth, a similar
mechanism followed after about 6 s (AH4, Fig. 9). Liquefaction was reached down to a depth of 5 m (Fig. 11), as
indicated by the pore-pressure ratio ru approaching 1.0
(ru  ue =s 0v where ue is excess pore-pressure, and s 0v initial
effective vertical stress). The top sections of the model
remained lique®ed until the end of shaking and beyond.
Thereafter, excess pore pressure started to dissipate.
Relatively small lateral displacements were observed in
this case (Fig. 10). In fact, the cyclic shear strains were
generally below 1% (Fig. 12). These stress±strain histories
(Fig. 12) display the usual pattern of stiffness loss due to
pore-pressure buildup (Fig. 11). Liquefaction at the 2.5±
5.5 m depth zone appears to isolate the upper layers (surface
to 1.5 m depth) from experiencing large strains.
The stress-paths of Fig. 13 show the typical mechanism
of cyclic decrease in effective con®nement due to porepressure buildup (Fig. 11). This data (Fig. 11) was a main
source for calibration of model pore-pressure buildup
(shear-induced contraction) parameters (c1 and c2 in Table
1). Overall, it may be noted that the relatively small strains
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Fig. 12. Model 1 computed shear stress±strain histories.
Fig. 11. Model 1 recorded and computed excess pore pressure time
histories.

during liquefaction (Fig. 12) led to soil response (Fig. 13)
predominantly below the PT surface (i.e. virtual absence
of dilative tendency). The in®nite-slope model below
displayed much larger accumulated strain levels and
allowed for calibration of dilative model response above
the PT surface.
4.4.2. Mild slope: Model 2
The 48 inclination of Model 2 imposed a static shear stress
component (due to gravity), causing accumulated cycle-bycycle lateral deformation. Despite the relatively mild inclination, all response characteristics (Figs. 14±16) are much
different from those of Model 1 above (Figs. 9±11). Surface
accelerations were sustained throughout the shaking phase
(Fig. 14), and lateral displacements reached a permanent
value of 0.5 m (Fig. 15). The recorded and computed ue
histories (Fig. 16) both displayed a number of instantaneous
sharp pore pressure drops after initial liquefaction. These
drops coincided with the observed and computed acceleration spikes that occurred exclusively in the negative direction (Fig. 14).
The cause of these observed asymmetric accelerations
and sharp pore pressure drops may be inferred from the
computed shear stress±strains (Fig. 17) and effective stress

Fig. 13. Model 1 computed effective stress path.
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Fig. 14. Model 2 recorded and computed acceleration time histories.

Fig. 16. Model 2 recorded and computed excess pore pressure time
histories.

Fig. 15. Model 2 recorded and computed lateral displacement histories.

paths (Fig. 18). In these ®gures, the presence of dilative
response prevailed, in terms of instantaneous regain in
effective con®nement and shear strength at large strains.
This response characteristic was especially evident in the
upper sections after initial liquefaction ru  1: Thus,
dilation-induced regain in shear strength appears to be the
main cause of the large acceleration spikes after liquefaction. The responses of Figs. 17 and 18 manifest the role of
Model 2 in calibrating the constitutive model response
above the PT surface (PT angle and dilation parameters d1
and d2 in Table 1). In addition, reasonably good agreement
between the computed and recorded lateral displacements
along the soil column veri®ed the calibrated yield strain gy
(Table 1), an important parameter in dictating the extent of
post-liquefaction cycle-by-cycle shear deformations.
Remark: The numerically predicted settlement due to
liquefaction was generally smaller than observations.
Indeed, Models 1 and 2 resulted in settlement in the range
of 0.1±0.2 m (1±2% of layer thickness), which was considerably underpredicted (numerical estimate was 0.05 m).
A highly nonlinear bulk modulus may be needed to simulate
such post-liquefaction densi®cation-induced settlements (a
topic of current ongoing research).
The undertaken model calibration phase is now complete.
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Fig. 19. Computed acceleration time histories (1.0 Hz case).
Fig. 17. Model 2 computed shear stress±strain histories.

In the subsequent numerical simulation, shear deformation
during liquefaction will evolve based on the calibrated
model constants listed in Table 1.
5. Numerical simulation

Fig. 18. Model 2 computed effective stress path.

In order to further appreciate the impact of dilation on
liquefaction-induced shear deformation, an additional 1D
numerical simulation was conducted with a base excitation
of lower predominant frequency (1.0 Hz compared to
2.0 Hz in Model 2). Seismically, such low frequency excitation may be associated with large distant earthquakes. The
model con®guration and all other numerical simulation
parameters were identical to Model 2 above.
The computed results are shown in Figs. 19±23. Once
the soil lique®ed, the relatively low shaking frequency
allowed for larger shear deformations in each cycle of excitation (Figs. 20 and 22). These large cyclic shear strains in
turn induced a signi®cant dilative response above the
PT surface (Fig. 23), causing the soil to regain much stiffness and strength in nearly all load cycles (Fig. 22). In
addition, the following notable consequences are observed
near ground surface: (i) asymmetric acceleration spikes
(Fig. 19, reaching a peak of 0.6g, nearly three times the
input), and (ii) signi®cant instances of pore-pressure reduction (Fig. 21).
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Fig. 22. Computed shear stress±strain histories (1.0 Hz case).
Fig. 20. Computed lateral displacement time histories (1.0 Hz case).

Fig. 21. Computed excess pore pressure time histories (1.0 Hz case).

Fig. 23. Computed effective stress path (1.0 Hz case).
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This numerical simulation suggests two important
response characteristics. For a saturated medium to dense
sand or similar soil formation, it may be seen that a lower
predominant frequency of excitation may result in (i) much
increased accumulation of permanent shear deformations
(compare Figs. 15 and 20), and (ii) along with the pore
pressure spikes, larger peak ground accelerations (compare
Figs. 14 and 19).
6. Summary and conclusions
A constitutive model was developed for cyclic mobility
analyses. The model was integrated into a solid±¯uid fully
coupled FE formulation. A large set of experimental data
was used to calibrate the constitutive model and the associated FE framework. The calibration process was described
with emphasis on reproducing the cyclic mobility effects
associated with liquefaction-induced shear deformations in
clean medium±dense granular soil pro®les. Accuracy in
predicting such deformations is of utmost practical signi®cance in structural/foundation stability and damage assessments. Using the calibrated model, an additional simulation
was conducted to illustrate the potential impact of frequency
content on accumulated deformations, and on magnitude of
ground surface acceleration.
For saturated medium±dense cohesionless soils, the
presented dynamic excitation response showed that:
1. Under level ground conditions, shear strains were relatively small with minor cyclic mobility effects. This
aspect was noted earlier in an analysis of the Port Island
(1995 Kobe, Japan earthquake) liquefaction case history
[65].
2. Mildly sloping ground may result in large cyclic shear
strain accumulation. These large strains induce pronounced cyclic mobility effects (regain in shear resistance), and result in sharp surface acceleration spikes.
In the presence of cyclic mobility, unbounded ¯ow failure is unlikely to occur.
3. The dominant excitation frequency has a signi®cant
impact on post-liquefaction soil response. Lowfrequency input excitation (e.g. due to very large distant
earthquakes) may signi®cantly increase lateral deformations and the level of acceleration ampli®cation at ground
surface.
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