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ABSTRACT: A constitutive model is developed to reproduce salient aspects associated with seismically-
induced soil liquefaction. Attention is mainly focused on the deviatoric (shear) stress-strain response
mechanism. Soil shear behavior during liquefaction is modeled to display a significant regain in stiffness
and strength with the increase in deformation during each cycle of applied load. This behavior appears
to play a major role in dictating the magnitude of shear deformations as observed in laboratory tests
and manifested in acceleration records from earthquakes and centrifuge experiments.
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1. INTRODUCTION

During liquefaction, recent records (Holzer et
al. [16]) of seismic site response have manifested
a possible strong influence of soil dilation dur-
ing cyclic loading. Such phases of dilation may
result in significant regain in shear stiffness and
strength at large cyclic shear strain excursions,

leading to: i) associated instances of pore-pressure
reduction, ii) appearance of spikes in lateral ac-
celeration records (as a direct consequence of the
increased shear resistance), and most importantly,
iii) a strong restraining effect on the magnitude of
cyclic and accumulated permanent shear strains.
This restraint on shear strain has been referred



to as a form of cyclic-mobility in a large num-
ber of pioneering liquefaction studies (e.g., Seed
and Lee [26], Casagrande [4], Castro [5], Castro
and Poulos [6], Seed [27]). For the important sit-
uations of biased strain accumulation due to an
initial locked-in shear stress, this pattern of be-
havior may play a dominant role in dictating the
extent of such deformations. Currently, the above
mentioned effects are also thoroughly documented
by a large body of experimental research (em-
ploying clean sands and clean non-plastic silts),
including centrifuge experiments (e.g., Dobry et
al. [9], Taboada [28], Dobry et al. [10]), shake-table
tests, and cyclic laboratory sample tests (Arul-
moli [1]). A thorough summary is provided (El-
gamal et al. [14]) of the relevant: i) seismic re-
sponse case histories, ii) recorded experimental
(centrifuge, shake table and laboratory) response,
and iii) constitutive models developed to address
this phenomenon.

In the following pages, illustrations of the
above-described shear stress-strain mechanisms
are presented. Thereafter, the constitutive model
is discussed along with an appropriate finite el-
ement computational framework. Finally, the
salient model response characteristics are dis-
played.

2. CYCLIC LOADING DURING LIQUEFACT-
ION

A thorough review of available literature has
been presented recently by Elgamal et al. [14].
An illustration of the mechanisms observed in
undrained cyclic laboratory tests is shown in Fig-
ures 1 and 2 (Arulmoli et al. [1]). Similar response
(Figures 3 - 5) was observed (Holzer et al. [16],

Youd and Holzer [31], Zeghal and Elgamal [32])
at the US Imperial County Wildlife Refuge site
(1987 Superstition Hills earthquake records). One-
dimensional shear stress-strain histories (Figure 6)
calculated from recorded centrifuge experiment ac-
celeration and LVDT records (Dobry et al. [9], Do-
bry et al. [10], Taboada [28], Elgamal et al. [13])
also display a similar response mechanism. Figures
2 and 6 depict the mechanism of accumulation of
cycle-by-cycle deformations. Accuracy in repro-
ducing this mechanism is among the most impor-
tant goals of the developed constitutive model.

3. THEORETICAL BASIS

The model framework follows the procedures
developed by Prevost [24], based on the multi-
ple yield surface plasticity concept (Iwan [19], and
Mroz [22]). It was modified (Parra [23]) from its
original form (Prevost [24]) to model the shear
stress-strain features discussed above (Figs. 1 -
6). Special attention was given to the deviatoric —
volumetric strain coupling under cyclic loading; in
particular during loading — unloading — reloading
above the phase transformation line.

Following the usual cyclic soil plasticity con-
cepts (e.g., Prevost [24]), a strain increment €
is assumed to be the sum of elastic and plastic
strain increments, denoted €° and €” respectively.
The material elasticity is linear and isotropic, and
nonlinearity and anisotropy result from plasticity.
In order to describe the material’s plasticity one
needs [24]: a) the yield condition specifying the
states of stress for which plastic flow occurs; b) the
flow rule relating the plastic strain increment ten-
sor to the stress and stress increment tensors; and
¢) the hardening rule specifying yield condition



modification in the course of plastic flow. In the
following sections, stress and strain are assumed
positive in tension and negative in compression.
All normal stresses are effective, so that drained,
partially drained and undrained situations may be
analyzed using the same framework. Currently
available constitutive models that reproduce im-
portant aspects of above shear mechanism include
those by Iai [17, 18] and Tateishi et al. [29].

3.1 Constitutive Equations
The constitutive equation is written in incre-

mental form as follows (Prevost [24]):

G=E:(e—¢&) (1)

o = rate of effective Cauchy stress tensor
€ = rate of deformation tensor

€ = plastic rate of deformation tensor

E = isotropic elastic coefficient tensor

The plastic rate of deformation tensor is de-
fined by [15, 24]:

& =P (L) 2)

where P is a symmetric second-order tensor
that defines the direction of plastic deformation in
stress space, L is the plastic loading function, and
the symbol ( ) denotes the MacCauley’s brackets,

o ¥

The function L is defined by [15]:

ifL>0
otherwise

(3)

L:%Qﬁ (4)

where Q is a symmetric second-order tensor that
defines direction of outer normal to the yield sur-
face, and H' is the plastic modulus. It is conve-
nient to decompose P and Q into their devia-
toric and volumetric components [24] such that:

P =P +P's (5)
Q = Q' +Q"é (6)

where & is the second-order identity tensor.
Combining Egs. 1 and 2, Eq. 4 can be rewritten

as
1

L=——+
H' + H,

Q:E:0o (7)
where

Hy=Q:E:P=B(3P")(3Q")+2GP':Q’
(8)

3.2 Yield Function

The yield function (Fig. 7) that represents the
states of stress for which plastic flow occurs, is se-
lected of the following form [21, 24]:

3
f=§(s—paa) (8 — pocx) — m2p2=0 9)
where

s =0 —pd = deviatoric stress tensor
o = effective Cauchy stress tensor
(negative in compression)
Pa=PpP—a
p =3tr(o) = effective mean normal stress
a = material constant ( @ = ¢/ tan ¢ where
¢ = cohesion and ¢ = friction angle)
o = kinematic deviatoric tensor defining
the coordinates of the yield surface
center in deviatoric stress subspace
M= material parameter related to the friction

angle ¢



The adopted yield function, plotted in stress
space forms a conical surface with its apex at “a”
along the hydrostatic axis as shown in Figs. 5, 7
and 8. For cohesionless soils, ¢ may be viewed as
a low shear strength associated with the condition
(p=0).

The initial position of a yield surface given by
a, reflects the degree of material or stress induced
anisotropy, and it is considered as the material’s
memory of its fabric or past loading history. If
o = 0, the axis of the cone coincides with the
space diagonal, and the model will result in an ini-
tially isotropic behavior. Neglecting the influence
of the Lode angle in the definition of M allows any
deviatoric plane (p = constant) to intersect a cir-
cular cross-section of the yield surface. The center
of this plane does not generally coincide with the
space diagonal, but is shifted by the amount p,c
in principal stress space (Fig. 7) .

The outer normal to the yield surface, Q, may
be normalized in any convenient fashion, and in
the following:

Q:Q=Q":Q'+; (3¢")'=1  (10)

3.3 Flow Rule

In order to characterize the volume change ef-
fects correctly, it is necessary to employ a non-
associated flow rule [2, 8, 24]. Typically, non-
associativity is restricted to the dilatational com-
ponent of the plastic flow in accordance with ex-
perimental observations of granular material re-
sponse [2, 24].

A distinction between these main volumetric
response mechanisms is made, so that the flow rule
is defined separately for stress states above, on, or

below the phase transformation line (Fig. 8) using
a phenomenological approach. Thus, the flow rule
is given by:

P = Q' (associated)  (11)
3P" = x(n,mpt,p,a,&) (non-associated)12)

1/2 . .

where 1 = (% s: s) /D, is an effective stress ra-
tio, 7, is a material parameter defining this ratio
along the phase transformation (PT) line (Fig. 8),
and &7 is the cumulative plastic shear deformation
(&P = [} € : €Pdt, where t is time). Contraction or
dilation is defined according to the 7 value relative
to np:. When 1 < 7, the stress point lies below the
PT line and the soil behaves following a rule for
contraction, and when 7 > 7, the stress point lies
above the PT line and the soil behaves according
to a rule for dilation. For the particular case when
1 = 7yt the soil behavior will be controlled by the
loading process. The function x will be defined
according to the scenarios discussed below.

3.3.1 Contraction zone

P" is given by:
3P" = x(n,Mpt, P, @) = Gy e (13)

The function (, defines the rate of contraction ac-
cording to Prevost [24]:

n - _
(n/7)° +1
The function . is newly introduced (Parra [23])

to scale the amount of contraction according to the
level of confining pressure.

3.3.2 At and above phase transformation (PT)
surface (Parra [23])



As might be inferred from Figs. 1- 5, above the
PT line, tendency for dilation appears only during
loading towards the failure surface, Upon load re-
versal or unloading, contraction takes over. In fact,
Fig. 1 shows:

1. Dilation occurs during shear loading or in-
crease of shear stress. During this phase, the
rate of dilation is seen to increase with the
increase of shear stress.

2. Contraction, upon load reversal or unload-
ing, develops almost instantaneously, and
the stress path in the p — ¢ plot moves to-
ward the point where dilation started . In
other words, contraction appears to depend
on the amount of dilation experienced by the
soil structure.

3. In the loading cycles close to the condition
p = 0 (Fig. 1), it may be observed that
a large change in shear strain occurs with
minimal change in shear stress in the vicin-
ity of phase transformation, from contractive
to dilative response. Consequently, it was
decided to directly model the accumulated
strain as an additional response phase be-
tween contraction and dilation. If the PT
line is reached during contraction and load-
ing continues, additional stress increments
are treated with the condition P” = 0 until
a user specified shear strain is accumulated.
Thereafter, the dilative phase starts as de-
scribed above.

4. In situations where a so called “driving
stress” is present (e.g., triaxial test with ini-
tial stress bias as shown in Fig. 2), a finite
increment of accumulated permanent strain

is incurred for each cycle of load (at p — 0).
The model includes a special scheme to ac-
count for that(Parra [23]).

3.4 Hardening Rule (Parra [23])

All surfaces, but the outermost ( [19, 22, 24]),
may be translated in stress space without changing
in form (in any deviatoric plane) and with no in-
tersection. Therefore, the direction of translation
p of the active yield surface f,, was defined by a
new relationship (Parra [23]) such that no overlap
or intersection is allowed between the yield sur-
faces. The outermost surface remains stationary
at all times.

3.5 Model Performance

Figures 5 and 9 show the performance and ver-
satility of the developed model. Figure 9 may be
compared to Figure 2, and depicts the important
element of tracking the cycle-by-cycle accumula-
tion of shear deformations.

4. FINITE ELEMENT FORMULATION

Soil is modeled as a two phase material using
the Biot [3] formulation of porous media. This for-
mulation is incorporated in a general purpose 2-D
finite element program (Ragheb [25], Parra [23])
using the u - p approach (in which displacement of
the soil skeleton, u, and pore pressures, p, are the
unknowns) as suggested by Zienkiewicz et al. [33].
The computational scheme follows the methodol-
ogy of Chan [7], which is based on the following as-
sumptions: small deformations and rotations, den-
sity of the solid and fluid is constant in both time



and space, porosity is locally homogeneous and
constant with time, soil grains are incompressible,
and accelerations are equal for the solid and fluid
phases. Therefore, the general coupled formula-
tion after the spatial discretization and Galerkin
approximation is expressed as follows:

Mﬁ+/BTa’dQ—Qp—fS -
Q
Gui+Q"u+Hp+Sp—ff = 0 (16)

[[cmme}
—_~
—_
ot
~—

where M is the mass matrix, B is the strain-
displacement matrix, o’ is the effective stress vec-
tor, Q is the discrete gradient operator coupling
the solid and fluid phases, @ is the displacement
vector, p is the pore pressure vector, G is the dy-
namic seepage force matrix, H is the permeability
matrix, S is the compressibility matrix, and f° and
f? are the prescribed boundary conditions for solid
and fluid phase respectively. A superposed dot de-
notes time derivative. Viscous damping may be
added for the solid phase in the form of Rayleigh
damping (C = aM + pK, where K is the
initial stiffness matrix). For earthquake loading
problems, G is usually neglected so that symme-
try of the global matrix is attained.

Eq. 15 and 16 are integrated in time us-
ing a simple single step predictor multi-corrector
scheme of the Newmark type (Katona and
Zienkiewicz [20]), with an automatic time stepping
split algorithm, incorporated to improve the rate of
convergence. The predictor is calculated using the
initial stiffness matrix method (Zienkiewicz [34]),
as the high degree of non-associativity (in the
behavior of the solid phase) produces a non-
symmetric tangent stiffness matrix that requires
a non-symmetric matrix solver. Experience based
on analyses of non-associative plasticity shows that
the initial stiffness method performs reasonably

well (Chan [7], Van Langen and Vermeer [30]).
The second term in Eq. 15 is defined by the soil
constitutive model as described above (Parra [23]).
The finite-element and constitutive-model
package was calibrated and employed to conduct
a large number of computations (Parra [23]) based
on recorded centrifuge experimental response. The
computation included one-dimensional site re-
sponse with and without lateral spreading, and
response of embankments on liquefiable soils. Re-
mediation efforts by sand densification under the
embankment toes were also analyzed (Parra [23]).
Figure 10 depicts a comparison between
recorded and computed ground motion for the Port
Island site. In this case history, the necessary
model parameters were obtained through a sim-
ple system identification technique based on the
recorded downhole accelerations (Elgamal [12]).

5. SUMMARY AND CONCLUSIONS

A new constitutive model is developed to model
cyclic shear behavior during liquefaction. The un-
derlying mechanisms are based on observed soil re-
sponse during earthquakes, centrifuge experiments
and cyclic laboratory tests. In this paper, the an-
alytical and computational framework behind this
model was presented. In addition the salient model
response characteristics were illustrated.
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Figure 1: Stress-strain curve and stress path for Nevada Sand with
D, = 60% obtained from undrained cyclic simple shear (CSS) test
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Nevada Sand (Dr=40 %)
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Superstition Hills 1987 Earthquake, Wildlife Site
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Superstition Hills Earthquake, Wildlife Site
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Rensselaer Model 2
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Figure 7: Conical yield surface in principal stress space and devia-
toric or = plane (Prevost 1985, Lacy 1986, Parra 1996).
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Figure 8: Yield function and phase transformation line (Parra 1996).
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Figure 9: Simulation of a cyclic triaxial undrained test with stress
bias (CIUC,,qi.), Parra (1996).
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Port Island, Kobe (Japan); Hyogoken—Nanbu Earthquake, Jan. 17, .
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Figure 10: PortlIsland shearstresshistoriesestimatedrom acceleratiorhistoriesand corresponding
constitutivemodelprediction(at8.0 m, 24.0m, and57.5m depths) after Elgamaletal. (1996a).
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